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Model of Path-Dependent Plastic Instability

Asghar Zajkani, Ali Bandizaki

Abstract— A model of path-dependent instability is developed
for the substrate composite panels influenced by the non-linear
reinforce elastomeric sheets. A modified maximum force (MMFC) is
considered as well as the bifurcation criteria of vertex to predict
diffuse and localized necking. By using a linear adoption of an
equivalent strain the strain path effect are coupled. The quadratic Hill
criterion is applied to analyze the anisotropy effect. Accuracy of the
study is proved by comparing with the theoretical models.

Keywords— Plastic instability, Diffuse and localized necking,
Vertex model.

I. INTRODUCTION

In a plastic stability model of deformation, the diffuse
necking is started on the maximum value of the traction force.
Swift used the results of Consider studies for the biaxial
tension [1]. Therefore, the model was called as the maximum
force criterion (MFC). Hora et al. studied the diffuse necking
phenomenon through investigations of the MFC model and
experimental observations [2], [3]. The presented model by
Hora et al. was so-called the Modified Maximum Force
Criterion (MMFC). They claimed that the diffuse necking is
strongly dependent on the strain hardening and the loading
conditions. According to the MMFC, the diffuse necking in
any loading conditions occurs in the plane strain conditions.
The first study related to the localized necking was done by
Hill for the uniaxial tension [4]. Alternately, Hill presented a
zero extension for an evaluation of the necking band angle in
the uniaxial tension [4]. There are some studies that use the
Hill-Swift model to predict the necking [5]. Marciniak et al.
investigated the localized necking through the experimental
observations of the left-hand-side of the forming limit
diagrams [6]. Storen and Rice [7] proposed a model based on
the results extracted from previous works, in order to predict
the localized necking on a homogeneous sheet. This model
assumes that the velocity of the deformation is variable inside
the necking band. Zajkani et al. proposed an analytical method
to consider strain rate hardening on the vertex model by taking
into account a dimensionless parameter under different
conditions [8]. According to the Hill hypothesis, the angle is
only dependent on the strain ratio. Therefore, for the state that
the strain ratio is known (uniaxial tension < strain ratio < equi-
biaxial tension) and the other stress ratios may be calculated
from related constitutive formulations, the necking band angle
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would be dependent on the different parameters proposed by
Zajkani et al. [9], [10]. They investigated a certain expression
of the necking band angle, which provides the required
accuracy of the results in comparison with the Hill zero
extension. So, they named this angle by “dependent to yield
criterion” or DYC-angle. Also, they studied the evolution of
necking deformation in the strain rate dependent process [10].
Min et al. used a vertex model for predicting the LHS of the
FLC's through the quadratic Hill yield criterion [11]. The
studies by Hasford et al. show that the variations of the strain
path can play an effective role in the FLD's results [12]. The
pre-strain can occur at two major and minor directions of the
loading. In considering the non-proportional loading, the both
linear and especially non-linear paths are applied such as a
finite element analysis reported in Ref. [13]. Chae et al.
studied the strain path effect on the ductile fracture through
the experimental and computational investigations [14]. Also,
the numerical and experimental investigation of the non-linear
strain path effect was studied by Larsson et al. [15]. The Hill-
Swift model was used by Li et al. to study a bi-linear and non-
linear strain path effects on the FLC’s [16].

Here, the effect of reinforcing layers on a path-dependent
plastic deformation in instability events considered. We also
investigate the effects of both diffuse and localized necking.
However, the MMFC model will be employed for the
prediction of diffuse strains, but, for the localized necking, the
vertex model will be used. Both models are considered in a
delicate analytical way that has to be utilized for the
experiments only through essential material constants. For the
prediction of the necking band angle, the DYC-angle will be
used to consider a dependency on the vyield criterion,
anisotropy, and the loading conditions. Since, the history of
the loading is effective on the obtained limit strains, to
evaluate the pre-strain effect on the diffuse and localized
necking, both minor and major directions will be loaded under
three conditions; i.e., the uniaxial, plane - strain and equi-
biaxial pre-loadings. Also, the quadratic Hill yield criterion
will describe the anisotropy effect on the path-dependent
reinforced metal layer. The limit strains are obtained for the
diffuse and localized necking in the elastomer-metal
structures.

1. BASIC FORMULATIONS

The substrate supported causes the retardation of plastic
deformation by dissipating the absorbed energy and the
improving the sheet surface quality. We employ the studies by
Biot for describing the behavior of the neo-Hookean materials
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[17]. So, according to the Ref. [17], the strain energy is given

by

Z=§u§+zg+zg—3) @
In (1), E, A are the elastic modulus and principal stretching
related to the principal strains, respectively. Also, for the
incompressible deformation, the strain energy is defined as
follows

Z =0°dé =o;de; + 0;jde, (2)

Which, &°5and & are the equivalent stress and strain,
respectively that the exponents are related to the elastomer
layer. These indexes 1 and 2 are related to the major and
minor directions of the sheet, respectively. So, the stress field
of the neo-Hookean reinforce layers can be obtained by
combining differentiation of (1) and (2) as

., 0z E__
o; = 6_81__(1 ) (3)
dZ E ) )
03 =6_£2=§(AZ_/13)

In (3), we have employed the plane stress and incompressible
deformation assumptions (&; + &, + &5 =0). For the
mentioned state, the principal stretching will be as the
exponential functions as A; = e®. The time derivative of these
strains and stresses are linked through instantaneous modules.

<8vk)
axl

The instantaneous modules are symmetric.

(4)

J=s _ s

0, = Lijkl

ij

Then, Liji = Lig = Lijue = Lij
¥ is the Jaumann stress rate related to the elastomer layer.

The stress rates are related to the Jaumann rate of the Cauchy
stress that is as:

O-i]j = O'U + Wnio-nj + Gianj (5)
That the W,,; is the spin tensor as
1/0v, Jdvy; (6)
Wy == -
me2 (axi axn)

A plane — stress state is taken for the loading condition. We
can say that there are only these principal stresses. Also, it is
clear that W;; = 0. By simplifying (6) into (5), we have:

ol7% = 6f = L5, + L,é, (7
0l =65 = L5, + 15,6 8
0l = 2L é,, ©)

According to (5) and the work in [17], the stresses rates are
defined for the neo-Hookean reinforce layers in the plane
stress conditions as
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where parameter P in the above relation is the rate of the
hydrostatic stress as

. 2E 11
We will be able to obtain the instantaneous modulus

2E
LS = ?(6281 + e283)

E 12
LS2 — _(6252 + 6253) ( )
S 2E 2¢&

Lip; = Lys = ?e 3

E
LS = g(ez‘€2 + e?81)

For the non-proportional loading, the ratio of strain or the
strain rate is different with the proportional loading. g implies
the strain ratio or strain rate ratio (8 = &,/¢;, = €,/€; ). The
pre-power in related to the pre-strain parameters and the i
index is reagent the pre-straining direction. The equivalent
strain is proposed with the linear assumption for considering
the strain path effect.

PATH DEPENDENCY FORMULATION
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A. Pre-strained in the Major Direction

The pre-strain ratio is as f7° = €5" /el and the index 1
is related to the major direction. The minor strain will be as

£pre
PTC dey + J- pde,

— fre pre +B (81

+ %(82

(14)

&y =
0

_ gf‘l"e)
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Substituting the expression of BF™® =& /P and (15)
instead of the )" and &, in the Eq. (23), respectively, we can
obtain the equwalent strain for the pre-straining in the major
direction in the following form

£= P el + (g, — €77 (1€

B. Pre-strained in Minor Direction

According to (13), the ratio of the strain will be determined
as BY"¢ = &P /el The index of 2 is related to the minor
direction. Subsequently, the ratio of the stresses and the strains
related to the pre-straining will be changed. So, for this state,
we can write al™ =gl [l

Pre =gPre /o) ,and ¢y ¢ = Indeed, for the
yield criterion ratios which are presented in Appendix, we
may obtain afre = afre, bre — Qpre and qbpre = pre,
while g = 1/pP". Accordmgly, the minor strain will be
obtained as

spre PTE
EPTe [e5 ",

(a7
J de, = f B de;
pre
That
& = Egre +B(er — pre f””) (18)

pre

By substituting (18) and the related expression of f;
instead of the 5" “and &,, we can obtain an equivalent strain
for the pre-staining at minor direction as

£= (P - (19)

pre ¢)€pre+¢€1

1. MODIFIED MAXIMUM FORCE CRITERION

Now, the effect of reinforce- layers on the MMFC is
considered. According to the maximum force criterion
assumption, the condition is satisfied for the multi-layer
structure as following

dF, = dZ(a}Ag )=0 (20)

i=1

By simplification and adopting an assumption of the
incompressibility deformation, the above relation can be
simplified as follows

ts(—of.de; +dof) + t(—o{t.dey +da{™) =0

The s, m powers are related to the elastomer substrate and
the metal, respectively. For the cross-section, it is assumed as
Af = b.t, AT = b. t,, that this b, t; are related to the width
and thickness of the sheet and reinforcing layer. The
additional increment of the stress in the MMFC model can be
expressed as
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By substituting (21) into (22), the mathematical expression
of the elastomer-metal structure can be determined in MMFC

as
doi 0f do™ doi" OB
—gs LA, m_ - - | =
t5< %+ 55 8£1> bm (”1 e, 9p 95) "
23

The term of dag,/de; in the MMFC is related to the strain
hardening effect and the (do,/dB).(0B/de,) expresses the
variation of the loading condition. In the elastomer, the strain
hardening can be negligible. The a5 has been presented in (3),
while quantity of o™ will be evaluated by employing the
power-low strain hardening as @ = k&™. By using the strain
hardening, the second term of (23) related to the metal layer
can be obtained as follows

(22)

dO’l =

dp

doi"
de;

do" '_ E (24)
dog 0¢ d¢g ¢°E

E; is the tangent module. The third term of (24) related to the
metal layer is expanded as

doi" 0 (6) da 0 da 0Q (25
B  0a\Q/dB Q2 dB da

Also, by using (3) related to the elastomer, we can write

doi  of da 0Q (26)
0B Q 0B da

The effect of materials and thickness ratio of the
elastomer-metal structure is defined using a parameter of
w = (Et,)/(kt,,). In considering the strain path effect on the
diffuse necking, it should be used the equivalent strain and the
strain ratio related to the pre-straining direction. For this
purpose, it’s assumed that the elastomer substrate is applied to
the metal layer before pre-straining and so, the metal-
elastomer structure is being included the history of the
loading. We have

e  pre — straining in major direction:

B _ _(2=p") =B @7)
deg - (8 _ gpre)z - & — gfre

e pre — straining in minor direction:
B (52— €07 -B (28
a_gl - (S pre pre) - & — ;re gre

Difference between experiments and theoretical results are
shown in Fig. (1). In the RHS of the FLD's. In this study, the
term is assumed one. This subject is in effect the different
effect of stress triaxiality on the materials. The Fig. (1) shows
that the dB/de; has more drastic role on the RHS of the
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FLD's. Substituting the corresponding equivalent strain, the
final equation of the diffuse necking will be obtained per the
elastomer-metal structures pre-strained.
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Fig. 1: The edited MMFC and MMFC and experimental DCO1 steel
sheet [18]

The pre-strain can be in the —0.5 < gP"® <1 range. The
w = 0 is related to freestanding metal layer, and if the pre-
strain component is zero, the equation will be decreased to the
simple MMFC, which those related equations are linear for the
mentioned conditions.

1l. VERTEX MODEL

However, the vertex model predicts the localized necking
as the nominal stress rate being zero in the localized necking
band [7], it's clear that the strains are approximately regarded
equal to the diffusion necking around of the localized band.
So, for the velocity of deformation, we can write
Av; = Vi localized — Vi diffusion (29)

= Vi,inside ~ Vi,outside

According to the Stgren and Rice studies, the rate of the
plastic deformation is discontinuous in the localized necking
band [7]. So, for the variations of the deformation velocity by
employing the Green transformation can be written as

fﬂ Vi.(Avy) dV = # ginjdA=g;n;
\4 A

In above relation, the V; is the gradient by j and the g; is the
function of the Eulerian place and time. Also, the n; is the
normal vector as n; =cosf andn, =sinf. The
discontinuity of the deformation rate in the necking band is
while the stress and strain are continuous [7]. The rate of the
Eulerian deformation tensor is characterized the strain rate
tensor that is a symmetric tensor.

(30

. 1 1 (31)
Asij = E(Avl”j + Avj’i) = E(‘gl le + g] Tli)
The general form of the force equilibrium equation is as

But, develop of the deformation can be caused the rotation and
create the shear stress. Indeed, it's possible that the tension
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loading doesn't stay in the principal directions. This subject is
investigated by Zhu et al. in a minimal element and found that
the shear stress terms vanished [19]. So, by using the Green
transformation and the incompressible plastic deformation
assumption the modified time derivative equilibrium equation
for the plane stress condition can be as

{Adl —01(g1ny + g2n2) =0
Ad, — 05(g1my + g2n2) = 0 (33
The related objective time derivative stress is the Jaumann
stress rate of the Cauchy stress. The objectivity of the stress
rates on the vertex theory is investigated in Ref. [9].
According to the Hill assumption, the variations of the shear

strain rate are zero [4]. So,

. 1 34
Aéy, = 5(91 n,+g,n) =0 (

As previously mentioned, according to Zhu et al. the rate of
the shear stress is zero [19]. In the state that the g is input for
calculating the a, the necking band angle is dependent on the
yield criterion and the related parameter as anisotropy. The
details about the DYC-angle and comparing the effects of the
yield criterion are presented in Refs. [10], [9]. According to
the Ref. [10], the equi-biaxial loading is independent of the
necking band angle. They showed that the DYC-angle
presenting better FLD's results in comparison with the Hill
zero extension. The relation between the rates of the stress and
strain is presented in (4). The instantaneous module for the
metal layer is as

2 1 1 35
Lrir}kz = § Es [E (5ik5jz + 5jk5zz) - §6ij6kl] (
0ijOki m
— (Es — Ep) 2 Cii
e
By using the related values, we have
. 4 1\? (36)
LTy = Es §_ 1-n) (5)
m 4 a\?2 (37
22 = Es g—(l—n)<a)
(38)

m m 2 a
12=L21=ES[§—(1—n)@

The bifurcation analysis of the elastomer-metal structure that
are under tension be done by investigation the satisfying the
localized necking conditions. For this purpose, the difference
between the nominal stress rates on the inside and outside of
the necking band in the vertex model must be zero. So

tm. AT + t5. AT = 0 (39)
AT} and AT} are the variations of the nominal stress rate
related to the metal and elastomer, respectively.
ATU =n; (o-i]j + Uin'Avj,n - (O'L'n. Sjn + O—jn' éin))

(40)
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The above equation is a non-linear equation of the g and &
roots. Finally, the final equation of the elastomer-metal
structure will be obtained by taking into account the
coefficient of determinant of the following matrix:

G1q Glz] 91] -0 (41)
Go1 G2l 192

V. RESULTS AND DISCUSSION

The MMFC model is edited for improving the RHS of the
FLD’s. Also, for the localized necking band, the DYC-angle
considering the dependency of the angle to the yield criterion
is used. The effect of pre-straining is proposed in the equations
as a linear strain path and is studied for both major and minor
directions in any three mentioned conditions and compared
with the experimental results. The results of the MMFC are
validated with the experimental results in Ref. [12]. Then, the
effect of the pre-straining on the substrate supported metal
layer is investigated.

The Fig. (2) shows the effect of the uniaxial pre-straining in
the major direction on the MMFC model. According to this
illustration, the domain of minor strain is shrunk with the
increase of the uniaxial loading history. On the other hand, the
increase of uniaxial pre-straining in the major direction causes
the moving the FLC's to the left side of the FLD’s. It is
showing that the major strain in the plane - strain condition
will be obtained in higher values with the increase the uniaxial
pre-straining. But, according to Fig. (3), the minor strain
becomes zero in any pre-straining at the plane strain condition
in the major direction. The domain of the minor strain in the
plane strain pre-straining is the same of the uniaxial pre-
straining influence as an increase of the pre-strain values leads
to descending this domain. In the equi-biaxial case that pre-
straining is equal in both directions, the Fig. (3) presents the
corresponding results in which movement of the pre-strained
FLC's into the RHS of the FLD'S can be observable.
Accordingly, the major strain in the plane strain condition is
smaller than the as-received in equi-biaxial pre-strained.
Subsequently, in a general comparison, the equi-biaxial pre-
straining is independent of the strain path direction, and it is
caused the shrink of the forming limit. In comparison the
effect of strain path on the FLD's in uniaxial and plane strain
pre-loading we can say, the uniaxial pre-straining is more
efficient on the major strains. But, in the plane strain
conditions, the plane strain pre-loading has better results.

0.4 ~MMFC
~&:EXP (as-received)
-=MMFC (0.095)

- EXP (0.095)
o ¥ |+~MMFC (0.18)
R EXP (0.18)
al [ »

-0.15 -0.1  -0.05 0 0.05 0.1 0.15 0.2 0.25 0.3

Fig. 2: Comparison of the experiment and MMFC results in the
uniaxial pre-straining at the major direction
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But, in all three pre-straining conditions, it is observed that it
decreased the minor strain domains. The presented results in
Fig (4) and Fig (5) relate to the minor direction of pre-
straining. It is clear that the effect of pre-straining direction is
very active on the FLC's. The loading history has different
rules in any pre-loading directions. As the increase of the pre-
strain value in the minor direction is causes the moving of the
related FLC’s to the RHS and down part of the as-received
FLD. In the non-proportional loading of the MMFC results, it
is shown that the direction of the pre-loading can be effective
to the limit of the necking instability. While the pre-straining
in the major direction leads to increase the limit strains at the
major direction, it causes the decrease of the limit strains when
the pre-straining is taken place in the minor direction.
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5

Fig.3: Comparison of the experiment and MMFC results in the equi-
biaxial pre-straining

->-MMFC
«&-EXP (as-recieved)
N -=-MMFC (0.05)
EXP (0.05)

3\ ~+MMFC (0.095) ]
EXP (0.095)

Fig.4: Comparison of the experiment and MMFC results in the
Uniaxial pre-straining at the minor direction

Of course, the mentioned point is related to the uniaxial and
plane strain conditions. For the equi-biaxial pre-straining, the
domain of the minor strains is decreased.

0.4
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Fig.5: Comparison of the experiment and MMFC results in the plane
strain pre-straining at the minor direction

Also, the increase the pre-straining value, lead to shrinking
the major limit strains. But, the minor strains in the RHS of
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the FLD's are increased with the enhancement of the pre-
straining. In a general discussion about the non-proportional
loading of diffuse necking, the major pre-straining can be
useful in the increase of the formability in the major strains.
But, the domains of the minor strains will be decreased. The
uniaxial pre-strained in major direction has the best result in
the main strains. But, the pre-strained in the major direction
for the plane strain condition, including the best results for the
plane strain conditions, while the pre-straining in the minor
direction reduces the formability. Indeed, the behavior of the
materials in pre-strained in these major and minor directions
are fully reversible.
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